Generalization of the
Nambu-Goldstone theorem
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Zero modes in nature

Light (Photon)
Gauge symmetry

’(\B ’bﬁ Crystal Vibrations (Phonon)
-’ Spontaneous symmetry
- breaking of translation
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Spontaneous Symmetry Breaking

the Universe:
Particle-antiparticle

Gauge symmetry
Chiral symmetry...

More familiar cases:
Handedness Trafflc (_or  hand




Nambu-Goldstone theorem

Spontaneous breaking
of continuum symmetry

» gapless mode (NG mode)

@ Relation between broken symmetries and NG modes?

® Dispersion of NG mode?

It Is well studied In each case.
QCD, superfluid, ferromagnet,...



Nambu-Goldstone theorem

(Lorentz invariant system)

Nambu(’60), Goldstone(61), Nambu Jona-Lasinio(’61),
Goldstone, Salam, Weinberg(’62).

Nnyg = NBs

# of NG modes # of broken symmetries
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NG modes in QCD
Pion
SSB of chiral symmetry
SU(2). x SU(2)r — SU(2)y
NBS = 37 NNG =3

Dispersion: I/ = |k| Type-l

NG modes in Kaon condensed CFL phase

Miransky, Shovkovy (’02) Schafer, Son, Stephanov, Toublan, and Verbaarschot (’01)
SU(Q)] X U(l)y e U(l)em
N DS e 37 N IN(@ 2

Dispersion: E « k° Type-lI
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Example of NG mode
In honrelativistic systems

SSB of space-time symm.

Phonon in crystal
translation, rotation, Galilel
Ns =9, Nng=3
SSB of internal symm.

Spin waves in ferromagnet

SSB of rotation O(3)—0O(2)
N e QoM ce i




Generalization
Nielsen - Chadha (’76)

Schafer, Son, Stephanov, Toublan, and Verbaarschot

(ot)
(1Qu: @)y =0 =) Nyg = Nps

Watanabe - Brauner (11)

Nps — Nng < %raﬂkqQa, Qb))
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Example of Type-ll modes

Nps

Ntype—I

Niyep-11

1

§rank([Qa, Qb))

Ntype—I + 2Aftype—II

Spin wave in
ferromanget
O(3)—0(2)

2

0

1

1

2

NG modes
In Kaon
condensed CFL

SU@2)xSU(1)y—=U(1)em
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Recent development

Watanabe, Murayama (’12), YH (’12)

@ NBS — NNG — %rankqQaa Qb]>
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Spontaneous Symmetry breaking
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Suppose the classical action is invariant under
i — @i + €"|Qua, 0

Effective action I'|¢| satisfies

MR IAC I
[ “”5@-( )<[Qa,¢@< ) =0

52
d it
» /d s 5@ )<[cza,¢z( >]> 0
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For Lorentz invariant system

Goldstone, Salam, Weinberg (’62)

(1Qa, i(2)]) = M
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In general, Ngs # num. of independent eigenvectors

([Qa, ®i(x)]) is not always the eigenvector.

: - Low - Manohar’'s argument
Ex.: Strlng Low, and Manohar ('02)

order parameter: (¢(z)) ‘_ L
I e
trans. [Pz, ¢]) = 10:(¢) # 0
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Nontrivial Ex.: nematic liquid crystal

Nematic phase
spatial rotation O(3)—0(2)

Two broken symm.
Two elastic variables

Smectic A phase
S t" I "-- i‘- -)= P

"



# of independent NG modes
IS hot always # of elastic variables

EX.: spin wave in ferromagnet
Spin symm.: O(3)— O(2)
Broken symm.: Sx, Sy

Two eigenvectors: €77 (s, )

Two Independent elastic variables
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One spin wave



Intuitive example
for type-ll NG modes

Pendulum with a spinning top

@ Rotation symmetry is explicitly
broken by a weak gravity

@ Rotation along with z axis is
~unbroken.
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Intuitive example
for type-ll NG modes

Pendulum has two oscillation motions




Intuitive example
for type-ll NG modes

It the top Is spinning,




The number of modes

decreases if the angular
momentum IS honzero.




Correspondence

Classical Projection
Hamiltonian operator
formalism method
{An 9 Am }P
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Spontaneous symmetry breaking

([Qa, ¢s(2)]) = M

Q and ¢ : canonical pair

<[Qa7 Qb]>
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The number of Type-ll pairs

Ntype—II — %rank<[62a, Qb]>

The number of Type-l| pairs

Niype-1 = NBs — 2Ntype-I1




Dispersion relation




Simple Hamiltonian system
{¢7 n}P =
a(k) | b(k)
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Formalism




@® What are canonical pairs?

® What corresponds to Poisson bracket?
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Projection operator method

Mori ('65)

0. A, (t, k) = i[H, A, (t, k)

¥

Generalized Langevin Eq.
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Projection operator method

Mori ('65)

A set of operators {4,,}




Projection operator method

Mori (65)

Expectation value
(0) = tre PH O
 tre PH

Innerﬁ product
1
(O1,05) = 3 . dT(@THOle_THOb

Covariant vector
At @) = / Pyg™™ (@ — y) Am(t, y)




Projection operator method

Mori (65)

Projection operator
PB(t.e) = [ dyA,(0.9)(B(t.2), A"(0.)
Streaming term
My (t, ) = —i{[A,(0,2), AT (0,0)])

Memory function
Kpom(t,x) = 60(t)(R,(t,x), R (0,0)))

R,(t, ) = €itQ£QiﬁAn(O, ) with Q=1-P



Projection operator gives

(200" — (Mye(k) — Kpi(z, E)TF ()G (2, k) = 6,

In Laplace-Fourier space
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Correspondence

Classical Quantum
Hamiltonian system system




EX.: Ferro and antiferro magnet

Spin: S; (TL) 1 =T,Y, 2
Symm.: O(3)
charge: Q; = ) si(n)

current algebra [Qzasj( )]— ZngkSk( )




NG mode in Ferromagnet

i?:;ir:::tation 00, QL)) = QL) = mV

NG field: si(k) = > si(n)e™™" i =x,y

Susceptibility: 1(+) = -~ (si(k). s (k) ~ -
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NG mode in antiferromagnet

Com_mutation —i<[Qx, Qy]> __ <Qz> — 0
relation:

NG field: ¢:(k) = > (~1)"s;(n)e’™ + =LY
! el
Susceptibilities: Xs(%) = 777 (si(k), si(k)) = -

Xo(k) = 7 (91(k), 64(R)) =~ o
Canonical pair: i‘1/<[87;(k), ¢;(k)]) = ei;m

Equation of motion:
Orpi(k) = maeijsj(k)  Oys;(k) = e;;mbk>¢; (k)

w5 = £Vabk Type-|




Nambu-Goldstone
Theorem




Spontaneous symmetry breaking
_i<[Qaa ¢7;(t, m)]> — [anﬁ]a’i?

det anb # 0 » SSB
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Atk =0
¢ O qun F¢¢ ngn ¢
" anb nn
n¢r¢¢ + MpuI™  MpoI'%" + M, I™
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NBS — NNG = Ninsestve = §rank(<[Qa, Qb]>)
Watanabe-Brauner




w ()= (0 50
» Oy = F~ Gy
Type-1 NG modes: F ' G¢; = 0

88¢] — O Ntype—I == NBS s rank(Mnn)

Type-ll NG modes: others

1
G@Q¢][ (e N T §ra,nk(Mnn)

» Niype-1 + 2Ntype-11 = IVBS

Nielsen-Chadha




At finite temperature
{An7 Am}P — Mnm

{An7 Am}T = Mnm T an




Finite temperature
Atk =0

9 &\ [ Loy My, (% 9"\ (¢
"\n) " \ M,y M,,)\1™¢ 1) \n

NBS - NNG — Nmassive — %raﬂk“[@av Qb]>)




Effective Lagrangian approach

Leutwyler(’94) Watanabe, Murayama ('12)

Write down all possible term

2 2

+higher
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Summary

For internal symmetry

® Independent elastic variable=Ngs
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Summary

SSB of space-time symmetry

® Num. of Elastic variables=NBS

oW many moaes exist:
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